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We derive a general quantum master equation for the dynamics of a scalar bosonic particle in-
teracting with a weak, stochastic and classical external gravitational field. The dynamics predicts
decoherence in position, momentum and energy. We show how our master equation reproduces the
results present in the literature by taking appropriate limits, thus explaining the apparent contra-
diction in their dynamical description. Our result is relevant in light of the increasing interest in
the low energy quantum-gravity regime.
I. INTRODUCTION
One of the greatest predictions of general relativity
is the existence of gravitational waves, which can be
thought of as small perturbations of the metric prop-
agating through spacetime at the speed of light [1–4].
They are of fundamental interest in many branches
of physics, such as cosmology, theoretical physics and
astrophysics, and their recent first detection [5–9] has
opened thrilling new horizons for research and a huge
effort is being put into the construction of ever more
sophisticated detectors [10].
Most gravitational waves that arrive on the Earth
are produced by different unresolved mechanisms and
sources [11, 12], and thus result in a stochastic per-
turbation of the flat spacetime background. Within
the framework of quantum theory, this stochastic
background affects the dynamics of matter propaga-
tion [13, 14] and, when the quantum state is in a
superposition, it leads to decoherence effects, as typical
of noisy environments. Since quantum superpositions are
very sensitive to small variations of the surrounding en-
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vironment, quantum interferometers have the potential
to detect a stochastic gravitational background [15–17].
Different models for the description of this phenomenon
have been proposed [18–24]. However, they do not agree
on the decoherence mechanism (the preferred basis and
rates) at which it takes place. With this work we clarify
this issue. We derive a general non relativistic model of
gravitational decoherence starting from the dynamics of
a scalar bosonic field coupled to a weak gravitational
perturbation. We show how this model recovers the
results present in the literature as appropriate limiting
cases.
The paper is organized as follows. In section II we
derive the equations of motion in Hamiltonian form for
a scalar bosonic field minimally coupled to a weakly
perturbed flat metric. We then specialize such equation
to the non relativistic regime in section III and procede
with the canonical quantization of the bosonic field in
the single particle sector, obtaining a Schrödinger like
equation for a test particle interacting with a weakly
perturbed gravitational field.
In section IV we specialize to the case of a stochastic
gravitational perturbation and derive the corresponding
master equation. We discuss the decoherence effect in
sections V and VI with explicit reference to the preferred
2eigenbasis and characteristic decoherence time. In the
same sections we show under which assumptions our
master equation is able to reproduce the apparently
contradictory results of [19–21] and [22], thus solving
the preferred basis puzzle.
II. HAMILTONIAN EQUATIONS OF MOTION
We first derive the equations of motion (EOM) for a
scalar bosonic field minimally coupled to linearized grav-
ity. We start from the action for the charged Klein Gor-
don field in curved spacetime [25]:
S =
∫
d4x
√−gL (1)
with the Lagrangian density:
L = (c2gµν∇µψ∗∇νψ − m
2c4
~2
ψ∗ψ) (2)
where ∇µ is the covariant derivative with respect to the
Christoffel connection. We write the metric as the sum
of a flat background ηµν = diag(+−−−), and a pertur-
bation hµν :
gµν = ηµν + hµν (3)
We are interested in studying the dynamics of the Klein
Gordon field in presence of a weak gravitational pertur-
bation. Therefore we perform a Taylor expansion of the
action around the flat background metric and truncate
the series at the first perturbative order. Thus, we obtain
the effective Lagrangian Leff acting on flat spacetime:
S =
∫
d4x
[
c2(ηµν∂µψ
∗∂νψ − m
2c2
~2
ψ∗ψ)(1 +
tr(hµν )
2
)+
− c2hµν∂µψ∗∂νψ +O(h2)
]
= :
∫
d4x(Leff +O(h2))
(4)
Note that in doing so we are implicitely restricting the
analysis to the class of reference frames in which the coor-
dinates are described by rigid rulers, which are negligibly
affected by the gravitational perturbation. This assump-
tion though reasonable, as measuring devices are held to-
gether by intra and iter molecular forces, is arbitrary (it
may be possible that a gravitational perturbation bends
a measuring device).
The equations of motion for the matter field are obtained
(at first order in the perturbation hµν) from the Euler-
Lagrange equations:
∂Leff
∂ψ∗
− ∂α ∂Leff
∂∂αψ∗
= 0 (5)
and in the harmonic gauge [33] they read:
[
− ∂2t + c2(1 + h00)∇2 + 2ch0i∂t∂i + c2hij∂i∂j+
− m
2c4
~2
(1 + h00) +O(h2)
]
ψ = 0
(6)
We are interested in the description of the dynamics of
a positive energy particle system in the non relativistic
limit. In such a limit, the particle and antiparticle sec-
tors are non interacting with one another, that is to say,
the EOM (6) can be recast to a system of two uncou-
pled equations, one for each species sector. While this is
evident and straightforward for the free case, for an in-
teracting theory the decoupling is very complicated and
achievable only perturbatively.
The first step is to explicitely express the field in a
two component form. This can be done following the
Feshbach-Villars formulation [26]. Accordingly we define
a new field:
Ψ =

 φ
χ

 (7)
such that:


ψ = φ+ χ
i~
(
∂t − ch0i∂i
)
ψ = mc2(φ− χ)
(8)
We note that such a formulation does not allow for a
probabilistic interpretation of the field Ψ, as the con-
served charged Q associated to the internal U(1) sym-
metry (ψ → eieψ ; ψ∗ → e−ieψ∗) via Noether’s Theorem
3reads:
Q = 2e mc2
∫
d3x
(
φ χ
)
σ3(1 +
tr(hµν )
2
− h00)

 φ
χ


(9)
instead of the required:
ρ = 2e mc2
∫
d3x
(
φ χ
)
σ3

 φ
χ

 (10)
We therefore apply the transformation:


T = (1 + tr(h)4 − h002 )
Ψ → TΨ
(11)
so that, in the new representation, the squared modulus
of the field can be regarded as a probability density in
the non relativistic limit.
With the help of Eq. (8) and after some algebra (See
Appendix A) the EOM (6) read:
i~∂tΨ = [mc
2σ3 + E+O]Ψ (12)
where:
E =
mc2
2
h00σ3 − ~
2
2m
(1 + h00)σ3∇2 − ~
2
2mc
∂t(h
0i)σ3∂i
− ~
2
2m
hijσ3∂i∂j + i~ch
0i∂i − i~
2
∂t(
tr(hµν )
2
− h00)
−
[
~
2
4m
∇2(h00)− i~
2
8m
∇2(tr(hµν ))
)]
σ3
(13)
O = imc
2
2
h00σ2 − i~
2
2m
(1 + h00)σ2∇2 − i~
2
2mc
∂t(h
0i)σ2∂i
− i~
2
2m
hijσ2∂i∂j −
[ i~2
4m
∇2(h00)− i~
2
8m
∇2(tr(hµν ))
]
σ2
(14)
are respectively the diagonal and antidiagonal parts of
the Hamiltonian K = mc2σ3 + E+O, and σi, i = 1, 2, 3
are the Pauli matrices.
In the next section we will decouple the EOM to
then take the non relativistic limit.
III. NON RELATIVISTIC LIMIT AND
CANONICAL QUANTIZATION
We want to find a representation of the two compo-
nent field Ψ in which the EOM (12) are diagonal. This
representation can be found in non relativistic limit fol-
lowing the Foldy-Wouthuysen Method [27], which allows
one to write perturbatively (at any order in vc ) two decou-
pled equations, one for each component of the field. The
method is operatively characterized by the application of
an appropriate transformation U :
Ψ→ Ψ′ = UΨ (15)
K → K ′ =U(K − i~∂t)U−1
=mc2σ3 + E
′ +O′ +O(h2)
(16)
such that, in the new representation, the antidiagonal
part O′ is of higher order in vc than the diagonal E′. By
neglecting O′ one recovers two decoupled equations. By
performing iteratively the transformation, one can always
find a representation of the two component field for which
the EOM are diagonal at any desired order in vc .
In our case, we have that the task is easily achieved by
applying the subsequent transformations:


U = e−iσ3O/(2mc
2)
U ′ = e−iσ3O
′/(2mc2)
U ′′ = e−iσ3O
′′/(2mc2)
(17)
after which, with some algebra (see Appendix B), the
EOM read:
i~∂tΨ =HΨ
=
[
mc2(1 +
h00
2
)σ3 − ~
2
2m
(1 +
h00
2
)∇2σ3+
− ~
2
2m
hij∂i∂jσ3 + i~ch
0i∂i +
i~
2
∂t(h
00)
− i~
4
∂t(tr(h
µν )) +
~
2
8m
∇2(tr(hµν ))σ3
]
Ψ
+O(c−4) +O(h2µν )
(18)
Note that as the transformations (17) are generalized
unitary [28], they preserve the conserved charge in (9),
4i.e. the probability density in the non relativistic limit.
In the non relativistic limit the EOM (18) do not mix
the two components φ and ξ of the field (up to a very
small correction). As we are interested in the dynamics
of particles only, we restrict the analysis to the first field
component φ.
Since the dynamics preserves the probability den-
sity, we are allowed to apply the canonical quantization
prescription and impose the equal time commutation
relations:
[φˆ(t,x), φˆ(t,x′)] =[φˆ†(t,x), φˆ†(t,x′)] = 0
[φˆ(t,x), φˆ†(t,x′)] = δ3(x− x′)
(19)
to obtain the EOM for the quantum field. The equa-
tion thus obtained does not allow for the creation or
annihilation of particles. We can thus safely project it
onto a single particle sector to obtain the single particle
Schrödinger equation:
i~∂t|φ(t)〉 = (Hˆ0 + Hˆp)|φ(t)〉 (20)
with:
Hˆ0 =mc
2 +
pˆ2
2m
Hˆp =
mc2
2
h00(t, xˆ)− ~
2
4m
h00(t, xˆ)pˆ2 + ch0ipˆi+
− 1
2m
hij(t, xˆ)pˆipˆj +
~
2
8m
∇2(tr[hµν(t, xˆ)])+
+
i~
2
∂t(h
00(t, xˆ))− i~
4
∂t(tr[h
µν (t, xˆ)])
(21)
where xˆ, pˆ are respectively the single particle position
and the momentum operator. The term H0 is the stan-
dard free hamiltonian plus an irrelevant global phasemc2
that can be reabsorbed with the transformation:
|φ(t)〉 → eimc2t/~|φ(t)〉 (22)
The term Hˆp is a perturbation that encodes the inter-
action between the scalar bosonic particle and a weak,
otherwise generic, gravitational perturbation. We note
that Eq. (20) correctly reduces to the usual Schrödinger
equation for a particle in an external static newtonian
potential:
i~∂t|φ(t)〉 =
( pˆ2
2m
−mΦ
)
|φ(t)〉
Φ =− c
2h00
2
(23)
if we consider the external gravitational field to be of
the same form of that of the Earth.
The generalization of Eq. (20) to an extended body is
not an easy task, as one needs to take into account the
degrees of freedom of all the elementary particles that
constitute the body. However, it is rather simple to
obtain the dynamics for just the center of mass if we
assume that the internal degrees of freedom are frozen
and cannot be excited by the gravitational perturbation
as in the case of a rigid body. In such an approximation
it is convenient to define the center of mass (Xˆ) and
relative coordinate (rˆi) operators:


Xˆ =
∫
d3r r mˆ(r)M
rˆi = xˆi − Xˆ
(24)
and their canonical conjugates, respectively Pˆ and kˆi,
where mˆ(r) is the mass density operator [34] and
M =
∫
d3r mˆ(r) is the total mass. Upon tracing out
the relative degrees of freedom, the Hamiltonian for the
center of mass of a rigid body reads:
Hˆ =Mc2 +
Pˆ2
2M
+
∫
d3r h00(r, t)m(Xˆ + r)c2+
−
∫
d3r h00(r, t)
m(r+ Xˆ)
M
Pˆ2
4M
+
+c
∫
d3r h0i(r, t)
m(r + Xˆ)
M
Pˆi+
−
∫
d3r hij(r, t)
m(r+ Xˆ)
M
Pˆ iPˆ j
2M
+
+
~
2c2
8M
∫
d3r ∇2(tr[hµν (r, t)])m(Xˆ + r)
M
+
+
i~c2
2
∫
d3r ∂t
(
h00(r, t)− 1
2
tr(hµν(r, t))
)m(Xˆ+ r)
M
(25)
Eq. (25) was derived following the work of [29] where,
however, the authors only consider the special case with
5h0i = hij = 0.
In the next section we will specialize to the case of a
(weak) stochastic gravitational background.
IV. STOCHASTIC GRAVITATIONAL
PERTURBATION: SINGLE PARTICLE MASTER
EQUATION
The motivation to consider a stochastic weak gravita-
tional perturbation is given by the works on stochastic
gravity (see for example [30] for a review and further
references) and by the interest in a stochastic gravita-
tional background analogous to the cosmic microwave
background radiation created in the early universe that
has survived to the present era (see for instance [11, 12]).
We also treat the gravitational perturbation as classical
as a first approximation.
If the metric is random Eq. (20) becomes a stochastic
differential equation. As a consequence the predictions
are given by taking the stochastic average over the
random gravitational field. We then need to specify its
stochastic properties.
We assume the noise to be gaussian and with zero
mean. The first assumption is justified by the law of
large numbers, while the second by our choce of taking
from the very beginning the Minkowski spacetime as
the background spacetime around which the metric
fluctuates. For the sake of simplicity, we also assume
the different components of the metric fluctuation to
be uncorrelated. This means that the noise is fully
characterized by:
E[hµν(x, t)] =0
E[hµν(x, t)hνρ(y, s)] =α
2fµρ(x,y; t, s)
(26)
where E[ · ] denotes the stochastic average and α rep-
resents the strength of the gravitational fluctuations.
The two point correlation function f(x,y; t, s) is further
characterized by its correlation time τc and the correla-
tion length L.
We move to the density operator formalism [35]:
Ωˆ(t) = |φ(t)〉〈φ(t)| (27)
As the only characterization of the noise is given by the
stochastic average (Eq. (26)), we study the dynamics of
the averaged operator:
ρˆ(t) = E[Ωˆ(t)] (28)
Let us consider the von Neumann equation for the aver-
aged density matrix :
∂tρˆ(t) =− i
~
[
Hˆ0(t), ρˆ(t)
]
− i
~
E
[
[Hˆp(t), Ωˆ(t)]
]
≡E
[
L[ ˆΩ(t)]
] (29)
where L[ · ] denotes the Liouville superoperator. Equa-
tion (29) is in general difficult to tackle, because of the
stochastic average, but it can be solved perturbatively
by means of the cumulant expansion [31]. With the fur-
ther help of the gaussianity, zero mean, uncorrelation of
different components, we can rewrite Eq. (29) in Fourier
space [36] as:
6∂tρˆ =− i
~
[Hˆ0, ρˆ(t)]+
− α
2
~8
∫
d3q d3q′
(2pi)3
∫ t
0
dt1 f˜
00(q,q′; t, t1)
m(q)m(q′)
M2
[
eiq·Xˆ/~(
Pˆ 2
4M
+
Mc2
2
), [eiq
′·Xˆt1/~(
Pˆ 2
4M
+
Mc2
2
), ρˆ(t)
]]
+
− α
2c2
~8
∫
d3q d3q′
(2pi)3
∫ t
0
dt1 f˜
0i(q,q′; t, t1)
m(q)m(q′)
M2
[
eiq·Xˆ/~Pˆi,
[
eiq
′·Xˆt1/~Pˆi, ρˆ(t)
]]
+
− α
2
~8
∫
d3q d3q′
(2pi)3
∫ t
0
dt1 f˜
ij(q,q′; t, t1)
m(q)m(q′)
M2
[
eiq·Xˆ/~
PˆiPˆj
2M
,
[
eiq
′·Xˆt1/~
PˆiPˆj
2M
, ρˆ(t)
]]
+
− α
2
~8
∫
d3q d3q′
(2pi)3
∫ t
0
dt1 f˜
µ
µ (q,q
′; t, t1)
q2q′
2
64M2
m(q)m(q′)
M2
[
eiq·Xˆ/~,
[
eiq
′·Xˆt1/~, ρˆ(t)
]]
+
− α
2
16~4
∫
d3q d3q′
(2pi)3
∫ t
0
dt1 ∂t∂t1 f˜
µ
µ (q,q
′; t, t1)
m(q)m(q′)
M2
[
eiq·Xˆ/~,
[
eiq
′·Xˆt1/~, ρˆ(t)
]]
+O(tα3τ2c )
(30)
where xˆt1 = e
iHˆ0t1 xˆe−iHˆ0t1 . The above equation
describes the dynamics of the rigid body’s center of
mass is in the presence of an external weak, stochastic
gravitational field (with the further assumptions made
in this section), and constitutes the main result of this
paper.
In the following we will not consider the effect on
the dynamics due to the derivatives of the metric
perturbation, as in typical experimental situations [5–
9] they are negligible and in any case they would
not add any further informative content to the anal-
ysis. This means that we neglect the last line of Eq. (30).
We now restrict our analysis to the Markovian case,
i.e. we assume the noise to be delta correlated in time
(τc → 0) :
fµν(x,y; t, s) = jµν(x,y; t)δ(t − s) (31)
A further reasonable assumption, motivated by the ho-
mogeneity of spacetime itself, is that of translational in-
variance of the two point correlation function:
fµν(x,y; t, s) = λuµν(x− y)δ(t − s) (32)
where the factor λ is in principle a generic coefficient with
the dimension of a time. We assume it to be
λ =
L
c
(33)
as this is the only time scale of the system. Note that this
choice does not affect the generality of the analysis as we
leave uµν(x − y) unspecified. In such a regime Eq. (30)
is exact and it is easy to show that it reduces to:
7∂tρˆ =− i
~
[Hˆ, ρˆ(t)]+
− α
2Lc3
4(2pi)3/2~5
∫
d3q u˜00(q)m2(q)
[
eiq·Xˆ/~,
[
e−iq·Xˆ/~, ρˆ(t)
]]
+
− α
2L
(2pi)3/2~5c
∫
d3q u˜00(q)
m2(q)
M2
[
eiq·Xˆ/~
Pˆ2
2M
,
[
e−iq·Xˆ/~
Pˆ2
2M
, ρˆ(t)
]]
+
− α
2Lc
2(2pi)3/2~5
∫
d3q u˜00(q)
m2(q)
M
[
eiq·Xˆ/~,
[
e−iq·Xˆ/~
Pˆ2
2M
, ρˆ(t)
]]
+
− α
2Lc
2(2pi)3/2~5
∫
d3q u˜00(q)
m2(q)
M
[
eiq·Xˆ/~
Pˆ2
2M
,
[
e−iq·Xˆ/~, ρˆ(t)
]]
+
− α
2Lc
(2pi)3/2~5
∫
d3q u˜0i(q)
m2(q)
M2
[
eiq·Xˆ/~Pˆi,
[
e−iq·Xˆ/~Pˆi, ρˆ(t)
]]
+
− α
2L
(2pi)3/2~5c
∫
d3q u˜ij(q)
m2(q)
M2
[
eiq·Xˆ/~
PˆiPˆj
2M
,
[
e−iq·Xˆ/~
PˆiPˆj
2M
, ρˆ(t)
]]
(34)
Eq. (34) describes decoherence both in position and
in momentum, as it contains double commutators of
functions of the position, momentum and free kinetic
energy operators respectively with the averaged density
matrix. In particular, we immediately recognize the
term in the second line of Eq. (34) to give decoherence
in position, that in the third line might give decoherence
in energy (in the regime in which q·Xˆ
~
is small), and that
in the sixth line decoherence in momentum (in the same
regime).
In the next section we will investigate under which
conditions Eq. (34) reduces the different models of
gravitational decoherence present in the literature.
V. DECOHERENCE IN THE POSITION
EIGENBASIS
In this section we specialize Eq. (34) to the regime
in which the dominant contribution to the decoherence
effect is in the position eigenbasis. This can be done
under the following assumptions:


h00 & h0i
h00 & hij
∆E ≪Mc2 (1− u00(∆x))
(35)
where ∆x and ∆E are the quantum coherences of the
system, respectively the position and energy (E = P
2
2M ).
It is then easy to show that the leading contribution to
Eq. (34) is:
∂tρˆ = − i
~
[Hˆ, ρˆ(t)]+
− α
2Lc3
(2pi)3/2~5
∫
d3q u˜00(q)m2(q)
[
eiq·Xˆ/~,
[
e−iq·Xˆ/~, ρˆ(t)
]]
+O(hµi) +O(∆E)
(36)
The above equation describes decoherence in the posi-
tion eigenbasis as the Lindblad operator is a funciton of
the position operator. It is actually of the same form of
the Gallis-Fleming master equation [32], which describes
the decoherence induced on a particle by collisions with
a surrounding thermal gas, allowing for a collisional in-
terpretation of the result.
To compare with the previous literature on gravitational
deocherence, we must further characterize the spatial cor-
relation function of the noise and the mass density distri-
bution. We start by considering the model proposed by
8Blencowe [22]. In order to recover an analogous master
equation we must assume the noise to be delta correlated
in space:
u00(x− x′) = L3δ3(x− x′) (37)
Under this assumptions Eq. (34), represented in the po-
sition eigenbasis, in fact becomes:
∂tρ(x,x
′; t) =
i~
2M
(∇2x −∇2x′)ρ(x,x′; t)+
− (α
00)2c3L4
4~2
∫
d3r
(
m(r− x) −m(r− x′)
)2
ρ(x,x′; t)
+O(hµi)
(38)
which has the same form of the master equation obtained
in [22], and describes decoherence in position. The dif-
ferent rate is due to the different treatment of the grav-
itational noise: Blencowe considers a quantum bosonic
thermic bath whose correlation functions can not be re-
produced by our classical description of the noise. If we
further take the mass density function to be a gaussian:
m(r) =
m
(
√
2piR)3
e−r
2/(2R2) (39)
as it is done in the same work, Eq. (38) then reads:
∂tρ(x,x
′; t) =
i~
2M
(∇2x −∇2x′)ρ(x,x′; t)+
− α
2M2c3L4
4(
√
pi)3~2R3
(
1− e− (x−x
′)2
4R2
)
ρ(x,x′; t)
+O(hµi)
(40)
To recover the results obtained by Sanchez Gomez [20],
we instead first need to take the mass density function
to be ponitlike:
m(r) =Mδ3(r) (41)
as in [20], and then to assume the spatial correlation
function to be gaussian:
u˜00(q− q′) = L3~3δ(q− q′)e−~2q2L2/2 (42)
With this choice for the spatial correlation functions
Eq. (36) represented in the position basis reduces to:
∂tρ(x,x
′; t) =
i~
2m
(∇2x −∇2x′)ρ(x,x′; t)+
+
2α2m2c3L
~2
(
e−
(x−x′)2
2L2 − 1
)
ρ(x,x′; t)
(43)
and exactly recovers Sanchez Gomez’s result.
A very similar equation was also obtained by Power and
Percival [21]. To recover their result, we must consider
again a point-like mass density and a gaussian spatial
correlation function multiplied by a factor
√
pi/2.
In the next section we will describe under which
assumptions our model is able to describe decoherence in
the momentum and energy eigenbasis thus encompassing
the results of Breuer et al. [19] that predict gravitational
decoherence to occur in the energy eigenbasis.
VI. DECOHERENCE IN THE MOMENTUM
EIGENBASIS
In this section we specialize Eq. (34) to the regime
in which the dominant contribution to the decoherence
effect is in the momentum or energy eigenbasis. This is
the case when we can approximate:
eiq·Xˆ/~ ∼ 1ˆ (44)
i.e. in the case of small q. In this case Eq. (34) reduces
to:
∂tρˆ =− i
~
[Hˆ, ρˆ(t)]
− α
2L
(2pi)3/2~5c
∫
d3q u˜00(q)
m2(q)
M2
[ Pˆ2
2M
,
[ Pˆ2
2M
, ρˆ(t)
]]
− α
2Lc
(2pi)3/2~5
∫
d3q u˜0i(q)
m2(q)
M2
[
Pˆi,
[
Pˆi, ρˆ(t)
]]
− α
2L
(2pi)3/2~5c
∫
d3q u˜ij(q)
m2(q)
M2
[ PˆiPˆj
2M
,
[ PˆiPˆj
2M
, ρˆ(t)
]]
(45)
In order to recover the results of Breuer et al. [19], the
following hierarchy of the gravitational fluctuation must
9be verified: 

hij ≫ h0i
hij ≫ h00
(46)
and the spatial correlation functions are chosen as fol-
lows:
u˜ij(q− q′) = δijL3~3δ(q − q′)e−~2q2L2/2 (47)
and we take the mass density distribution to be Eq. (39)
for the sake of simplicity and illustrative purpuoses. Un-
der these assumptions Eq. (45) in fact reduces to:
∂tρˆ =− i
~
[Hˆ, ρˆ(t)]+
− α
2L4
~2c(L2 + 2R2)3/2
[ Pˆ2
2M
,
[ Pˆ2
2M
, ρˆ(t)
]]
+O(hµ0)
(48)
Eq. (48) is indeed the same as the one obtained by Breuer
et al. with the identification:
α2L4
c(L2 + 2R2)3/2
= Tc (49)
where Tc is the spatially averaged correlation time of the
noise present in the same paper [37].
VII. CONCLUSIONS
In this paper we have derived a general model of de-
coherence for a non relativistic quantum particle inter-
acting with a weak stochastic gravitational perturbation.
We have specialized such an equation to the Markovian
limit under some further reasonable assumptions on the
stochastic properties of the gravitational noise motivated
by simplicity arguments and cosmological models and ob-
servations.
We have extended our model to the description of the
center of mass of a rigid extended body, which is a more
realistic and experimentally interesting scenario.
Our Markovian master equation predicts decoherence in
position, momentum and energy as it contains, among
other terms, double commutators of functions of the po-
sition, momentum and free kinetic energy operators with
the averaged density matrix.
We were able to succesfuly recover other results present
in the literature as appropriate limiting cases of our gen-
eral master equation.
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Appendix A: Feshbach Villars formalism
Here we provide explicit calculation for the derivation
of Eq. (12).
Let us first rewrite Eq. (6) as:
(i~∂t − i~ch0i∂i)2ψ =
[
~
2c∂t(h
0i)∂i − ~2c2(1 + h00)∇2+
− ~2c2hij∂i∂j +m2c4(1 + h00)
]
ψ+
+O(h2)
(A1)
and the system of Eq. (8) as


i~(∂t − ch0i∂i)ψ +mc2ψ = 2mc2φ
i~(∂t − ch0i∂i)ψ −mc2ψ = −2mc2χ
(A2)
Casting Eq. (A1) in the above system we get :
i~(∂t − ch0i∂i)φ =mc
2
2
(φ− χ)+
+
m2c4
2mc2
(1 + h00)(φ + χ)+
− ~
2
2m
(1 + h00)∇2(φ+ χ)+
− ~
2
2m
hij∂i∂j(φ+ χ)+
+
~
2
2mc
∂t(h
0i)∂i(φ+ χ)
(A3)
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i~(∂t − ch0i∂i)χ =− mc
2
2
(φ− χ)+
− m
2c4
2mc2
(1 + h00)(φ+ χ)+
+
~
2
2m
(1 + h00)∇2(φ+ χ)+
+
~
2
2m
hij∂i∂j(φ+ χ)+
− ~
2
2mc
∂t(h
0i)∂i(φ+ χ)
(A4)
Recalling now that Ψ =

 φ
χ

 and exploiting the Pauli
matrices, the system reduces to:
i~∂tΨ =
[
mc2σ3 +
mc2
2
h00[σ3 + iσ2] + i~ch
0i∂i
− ~
2
2m
(1 + h00)[σ3 + iσ2]∇2+
− ~
2
2mc
∂t(h
0i)[σ3 + iσ2]∂i+
− ~
2
2m
hij [σ3 + iσ2]∂i∂j
]
Ψ
= : HΨ
(A5)
Upon applying the transformation (11), the EOM trans-
form as:
H→ K := THT−1 + i~T∂t(T−1) (A6)
and read exactly as Eq. (12) of the main text.
Appendix B: Foldy Wouthuysen method
Here we illustrate the Fouldy Wouthuysen method ap-
plied to Eq. (12). Let us consider the transformations:
K → K ′ = U(K − i~∂t)U−1 (B1)
and specialize U to Eq. (17), i.e.
U = e−iσ3O/(2mc
2) =: eiS (B2)
With the help of the BCH identity:
K ′ =eiS(K − i~∂t)e−iS = K + i[S,K] + i
2
2!
[S[S,K]]+
+
i3
3!
[S[S[S,K]]] + ...
+ ~(−S˙ − i
2
[S, S˙] +
1
6
[S, [S, S˙]] + ...)
(B3)
Recalling that:
K = mc2σ3 + E+O (B4)
and noticing that:
[σ3,E] = 0 (B5)
{σ3,O} = 0 (B6)
[σ3O, σ3] = −2O (B7)
[σ3O,E] = σ3[O,E] (B8)
[σ3O,O] = 2σ3O2 (B9)
it is not difficult to check that:
K ′ = mc2σ3 + E
′ +O′ (B10)
where:
E′ =E+ σ3(
O2
2mc2
− O
4
8m3c6
)− i
8m2c4
[O, O˙]
− 1
8m2c4
[O, [O,E]] + ...
(B11)
O′ = 1
2mc2
σ3[O,E]− O
3
3m2c4
+
i
2mc2
σ3O˙ + ... (B12)
We note that O′ is of order c−1, meaning that we need to
perform a further transformation if we want non trivial
diagonal EOM. The transformation that we perform is:
U ′ = e−iσ3O
′/(2mc2) (B13)
after which the Hamiltonian reads:
K ′′ = mc2σ3 + E
′ +O′′ + ... (B14)
with:
O′′ = σ3
2mc2
[O′,E′] + i
2mc2
σ3O˙′ + ... (B15)
As O′′ ∼ O(v3c3 ) we need to perform a final transforma-
tion:
U ′′ = e−iσ3O
′′/(2mc2) (B16)
Finally the Hamiltonian reads:
H := K ′′′ = mc2σ3 + E
′ +O(c−4) (B17)
11
It is easy to note that the only (other than E) contribu-
tion to E′ at the desired order is:
σ3
2mc2
O2 = σ3
2mc2
{ imc
2
2
h00σ2 , − i~
2
2m
∇2σ2}+
+O(h2) +O(c−4)
=
~
2
4m
(h00∇2 +∇2(h00))σ3 +O(h2µν ) +O(c−4)
(B18)
so that the Hamiltonian becomes:
H =mc2(1 +
h00
2
)σ3 − ~
2
2m
(1 +
h00
2
)∇2σ3+
− ~
2
2m
hij∂i∂jσ3 + i~ch
0i∂i +
i~
2
∂t(h
00)
− i~
4
∂t(tr(h
µν)) +
~
2
8m
∇2(tr(hµν ))σ3+
+O(c−4) +O(h2µν)
(B19)
as in Eq. (18) of the main text. csjskjscjcnsabjk
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